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Abstract. In this paper we survey on some recent results on Riemannian 
orbifolds and singular Riemannian foliations and combine them to conclude 
the existence of closed geodesies in the leaf space of some classes of singular 
Riemannian foliations (s.r.f.), namely s.r.f. that admit sections or have no 
horizontal conjugate points. We also investigate the shortening process with 
respect to Riemannian foliations. 



1. Introduction 

In P21 Theorem 5.1.1, Remark 5.1.2] Guruprasad and Hacfiiger proved the exis- 
tence of closed geodesies in Riemannian compact orbifolds Q (recall Definition 12.41 
and Definition 12. 15p in the following cases: 

(1) Q is not developable (not good orbifold), 

(2) Q is a good orbifold Y./W and W has an element of infinite order or is 
finite. 

The aim of this paper is twofold. The first one is to survey on some recent 
results on Riemannian orbifolds and singular Riemannian foliations and combine 
them to conclude the existence of closed geodesies in the leaf space of some classes 
of singular Riemannian foliations. We start by recalling some concepts of orbifold 
theory and by giving an alternative proof of item (2) of Guruprasad and Haefliger's 
theorem (see Theorcm l2.17|) . Then we recall some facts about singular Riemannian 
foliations and, using the result of Guruprasad and Hacfiiger [12], Alekseevsky et 
al. Q] and Lytchak [2], conclude the existence of closed geodesies in MjT when 
J 7 is a singular Riemannian foliation with closed embedded leaves on a simply 
connected complete Riemannian manifold M and MjT is a compact orbifold (see 
Theorem I2.28j) . In particular, we show the existence of a closed geodesic of the 
orbifold MjT when T admits sections (e.g., the partition by orbits of a polar 
action) or T has no horizontal conjugate points (e.g., the partition by orbits of a 
variationally complete action), MjT is compact and M is simply connected (see 
Corollary EljJ). 

The second aim of this paper is to construct the shortening process with respect 
to Riemannian foliations (see Section 3 and Theorem 13. lj) . This provides an al- 
gorithm to find closed geodesies in some special Riemannian orbifolds. With this 
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technique we prove that every compact orbifold with nontrivial (topological) fun- 
damental group admits a closed geodesic (see Corollary 13. 3|) . In particular M/F 
admits a closed geodesic if the fundamental group of the compact topological space 
\M/J- \ is nontrivial and J 7 is a s.r.f. that admits sections or T has no horizontal 
conjugate points (see Corollarv l3.4l) . 

This paper is organized as follows. In Section 2 we present and prove Theorem 
I2.17[ Theorem 12 .281 and Corollarv l2.30l In Section 3 we present the shortening pro- 
cess with respect to Riemannian foliations and prove Theorem 13.11 and Corollaries 
13.31 and 13.41 We also include an appendix where we use the shortening process to 
give another proof of Theorem 12.171 

Acknowledgments. The authors are grateful to Dr. Alexander Lytchak for very 
useful suggestions. 

2. Orbifolds and Riemannian foliations 

In this section, we recall some definitions and results, state Theorem 12 .171 The- 
orem [228] and Corollary 12 . 301 and give concise proofs for these results. 

We start by recalling some facts about orbifolds. More details can be found 
in Salem jTSJ Appendix D], in Guruprasad and Haefliger [T2] or in Moerdijk and 
Mrcun [17] . 

Definition 2.1 (Riemannian pseudogroup) . Let E be a Riemannian manifold, not 
necessarily connected. A pseudogroup W of isometries of E is a collection of local 
isometries w : U — > V, where U and V are open subsets of E such that: 

(1) If w G W then w' 1 <E W. 

(2) If w : U ->• V and w : U -> V belong to W, then wow: w _1 (?7) -> 
wiw^iU)) C V also belongs to W, if V n U ± 0. 

(3) If w : U — > V belongs to W, then its restriction to each open subset U C U 
also belongs to W. 

(4) If w : U — > V is an isometry between open subsets of E which coincides in 
a neighborhood of each point of U with an element of W, then w € W. 

Definition 2.2. Let A be a family of local isometries of E containing the identity 
map of E. The pseudogroup obtained by taking the inverses of the elements of A, 
the restrictions to open sets of elements of A, as well as their compositions and 
their unions, is called the pseudogroup generated by A. 

An important example of a Riemannian pseudogroup is the holonomy pseu- 
dogroup of a Riemannian foliation, whose definition we now recall. 

Definition 2.3. Let J 7 be a foliation of codimension k on a Riemannian manifold 
(Af, g). Then J- is a Riemannian foliation if it can be described by an open cover 
{Ui} of M with Riemannian submersions fa : (£7j,g) — > (<Jj,6) (where er,j is a 
submanifold of dimension k) such that there are isometries Wij : /i(f7, C\Uj) — > 
fj(Uj l~l Ui) with fj — Wi.j o fi. The elements uii.j acting on E = Ilcr; generate a 
pseudogroup of isometries of E called the holonomy pseudogroup of T . 

Definition 2.4 (Riemannian orbifold). One can define a fc-dimensional Riemann- 
ian orbifold as an equivalence class of pseudogroups W of isometries on a Riemann- 
ian manifold E (dimension of E is equal to k) verifying the following conditions: 

(1) The space of orbits |E/W| is Hausdorff. 
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(2) For each idS, there exists an open neighborhood U of x in E such that 
the restriction of W to U is generated by a finite group of isometrics of U. 

In addition, if W is a discrete subgroup of isometries of S whose action on E is 
proper, then S/W is said good (for definition and properties of proper actions see 
e.g. Duistermaat and Kolk 10 ). 

Remark 2.5. Let E/W be a Riemannian good orbifold. Since the action WxE^E 
is proper, one can conclude that W is a closed subgroup of isometries of E with 
discrete topology and the isotropy group W x is finite for each i£E. 

Remark 2.6. An important example of a Riemannian orbifold is the space of leaves 
M/J-", where M is a Riemannian manifold and J 7 is a Riemannian foliation on M 
with closed embedded leaves. In fact MjT turns out to be isomorphic to E/W, 
where E and W were presented in Definition 12.31 This is proved in Molino [18j 
Proposition 3.7] when the leaves are compact. In order to prove the case where the 
leaves are closed and embedded, it suffices to generalize Lemma 3.7 in [TB] (using 
e.g. Claim 1 of Proposition 2.18 [7]). The proof, mutatis mutandis, now follows the 
proof of Molino. 

Remark 2.7. There exists a reciprocal result, namely each Riemannian orbifold 
E/W is the space of leaves of a Riemannian foliation with compact leaves. In fact 
Moerdijk and Mrcun (TTl Proposition 2.23] proved that if U(E) is the unitary frame 
bundle of the complexification of the tangent bundle of E, then U(E)/W admits a 
foliation T u such that E/W is the orbifold (U(E) /W) / F u . Using the Riemannian 
conection of E one can induce a distribution in U(E) and in U (E) / W and then find 
the appropriate transverse metric such that the plaques of T u can be described by 
local submersions. 

Given a pseudogroup, and in particular an orbifold, we can define a fundamental 
group as we now recall. 

Definition 2.8. A W-loop with base point xq 6 E is defined by 

(1) a sequence = to <•••<£„ = 1, 

(2) continuous paths Cj : [ti_j.,ti] — > S, 1 < i < n, 

(3) elements Wi £ W defined in a neighborhood of Ci(ti) for 1 < i < n such 
that ci(0) = w n c n (l) = xq and WiCi(ti) = Cj-|_i(tj), where 1 < i < n— 1. 

A subdivision of a W-loop is obtained by adding new points to the interval [0, 1], 
by taking the restriction of the Ci to these new intervals and w — id at the new 
points. 

Definition 2.9. Two M^-loops are equivalent if there exists a subdivision common 
to the loops represented by (cj,mj) and (ci,Wi) and elements gi G W defined in a 
neighborhood of the path Ci such that 

(1) 9i o CH = Ci,l<i< n, 

(2) Wi o gi and gi+i ° io» have the same germ at Ci(U), 1 < i < n — 1, 

(3) w n o g n has the same germ at c„(l) as w n . 

Definition 2.10. A deformation of a W-loop represented by (cj,u>j) is given by 
continuous deformations Ci(s, •) of the paths Ci — c\ : [tj_i,tj] — > E, such that 
(c,(s, •), Wi) represents a W-loop. 



4 MARCOS M. ALEXANDRINO AND MIGUEL ANGEL JAVALOYES 

Definition 2.11. Two W- loops are in the same homotopy class if one can be 
obtained from the other by a series of subdivisions, equivalences and deformations. 
The homotopy classes of lU-loops based at xq e E form a group tti(W,xq) called 
fundamental group of the pseudogroup W at the point xq. 

Remark 2.12. If the orbit space E/W is connected, then there exists an isomor- 
phism, defined up to conjugation, between -k\ (W,x) and Tti(W,y) for x, y in E. 
Thus we will write just Tti(W) when convenient. 

Definition 2.13. If £/W is a connected orbifold, its fundamental group ir(Y,/W) 
is defined as the fundamental group ir\{W) of the pseudogroup W. 

Remark 2.14. The fundamental group of an orbifold E/14 7 is not the same as the 
fundamental group of the topological space |E/W|. One of the differences lies 
in item (2) of Definition 12.91 To understand this claim, consider W the group 
generated by the reflection in the line {x = 0} in M 2 . We note that the line that 
joins (—1, 0) to (1, 0) is a nontrivial element of the fundamental group of the orbifold 
R 2 jW . If we would drop the words have the same germ at in item (2) of Definition 
I2.9l we would conclude that this curve is equivalent to the concatenation of the line 
that joins (—1,0) to (0,0) with the line that joins (0,0) to (—1,0). This curve is 
cleary homotopic to a point and hence the curve that joins (—1,0) to (1,0) would 
be equivalent to a point. 

Definition 2.15 (Closed geodesies in a Riemannian orbifold). Let T./W be a Rie- 
mannian orbifold. A closed geodesic in E/W is defined as: 

(1) a sequence = t < . . . < t n = 1, 

(2) nontrivial segments of geodesies 7^ : — > £, 1 < i < n, 

(3) elements Wi £ W defined in a neighborhood of 7,(tj) for 1 < i < n such 
that 71(0) = w n j n (l), j[(0) = dw n j' n (l), Wiji(ti) = ^ i+ x{U), dw^KU) = 
7j' +1 (i;), where 1 < i < n — 1. 

Usually a closed geodesic in T,/W is denoted by (ji,Wi). 

Remark 2.16. In order to prove the existence of closed geodesies in each compact 
Riemannian good orbifold, it suffices to prove the existence of closed geodesies in 
each compact Riemannian good orbifold E/VF, where E is a complete connected 
Riemannian manifold and W has infinite cardinality. In fact, let {E^} be the 
connected components of E and {Wi} the subgroups of W that send each Ej onto 
Ei. First assume that each Wi has finite cardinality. Then the fact that Yi/W is 
compact implies that each E^ is compact. Indeed, consider a cover of E = UE^ 
by normal balls B r {p a ). Since 7r : E — >• Y,/W is an open map, we have that 
{ir(B r (p a ))} is an open covering of the compact set E/W. Therefore we can find a 
finite cover {w(B r (pj))}. The assumption that the cardinality of each Wi is finite 
implies that each E^ is covered by a finite number of closed bounded sets wB r (pj) 
and hence each E^ is compact. In this case the existence of a closed geodesic in E jW 
follows from the existence of a closed geodesic in the compact manifold Ej. Now 
we assume that there exists a connected component Ei and a subgroup Wi with 
infinite cardinality. As E/W is compact, it follows that Ej /Wj is also compact 
and E io is complete. Finally note that the existence of a nontrivial closed geodesic 
in E io /Wi implies directly the existence of a closed geodesic in "E/W. 

Theorem 2.17. Let E be a connected complete Riemannian manifold and W be 
an infinite discrete subgroup of isometrics of E whose action on E is proper and 
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such that the good orbifold £/W is compact. Assume that there exists an element 
w G W that does not fix points (e.g. w° has infinite order). Then there exists a 
nontrivial closed geodesic in the Riemannian good orbifold T,/W. 

Proof. Let us first proof that inf^gs d(y, w°y) > 0. Assume on the contrary that 
there exists a sequence {x n } in £ such that limn^.^ d(x n , w°x n ) goes to zero. As 
£/W is compact, there exists a sequence {gk} in W and y 6 £ such that 

lim g k x k = y and lim gkW°x k = y 

k— too k^roc 

up to subsequences. As the second limit coincides with lim^oo gkW° g^ 1 gkXk = y 
and the action of W in £ is proper, we obtain that gk^g^ 1 9 6 W y , and being 
the action W discrete, it follows that there exists k G N such that g = gk w°g k ~\ 
Thus, gk w°gk^y — y, but in this case w° fixes g^y contradicting our hypothesis. 
Once we have that inf j, g £ d{y, w°y) > 0, a similar argument proves that the infimum 
is attained in some point x G £. Let 7 : [0, 1] — > £ be the geodesic minimizing 
the distance from x to ufx, which exists because £ is complete. If we prove that 
7 : [0, 2] ->• £ given by 



lit) 



7(f) if t G [0, 1] 

io°7(t-l) if t 6 (1,2] 



is a smooth geodesic, then its projection in H/W will be a closed geodesic. Let x' — 
7 (<') with t' G (0, 1). Then d(x', w ^) < d{x' ', w°x) + d(w°x, w°x') = d(x' , w°x) + 
d(x, x') = d(x, w°x). As d(x, w°x) attains the minimum of the translation length of 
w , the last inequalities must be in fact equalities and 7 must be smooth in t = 1. 
As it is smooth in the rest of points, we finally conclude that its projection is a 
closed geodesic of the orbifold £/W '. 

□ 

In what follows we give a simple but important example that illustrates the 
above theorem. It also allows us to see the difference between the classical problem 
of existence of closed geodesies in compact manifolds and the problem of existence 
of closed geodesies in compact good orbifolds. 

Example 2.18. Let £ be the Euclidean space R™ and W be an infinite Coxeter 
group of isometries of W 1 , i.e., the subgroup of isometries W is generated by re- 
flections in hyperplanes of a family the topology induced in W from the group 
of isometries of W 1 is discrete and the action on R™ is proper. Assume that H 
is invariant by the action of W. Also assume that W is irreducible and R"/W is 
compact. It is known that W is an affine Weyl group, i.e., a semidirect product of 
a Weyl group and a group of translations (see Bourbaki [9] Ch. VI §2 Proposition 8 
and Remarque 1 on p. 180]), in particular W has an element that does not fix points 
and hence satisfies item (b) of the theorem. It is also known that M. n /W is a sim- 
plex and hence a contractible space (see Bourbaki [9] Ch. V §3 Propositions 6,7, 
8, and 10, and Remarque 1 on p. 86). Therefore a compact good orbifold can be 
contractible. This does not happen with compact manifolds that always admit a 
nontrivial homotopy group. This topological property plays a fundamental role in 
the proof of Lyusternik and Fet about the existence of closed geodesies in compact 
manifolds (see Jost [13]). It is also interesting to note that the fundamental group 
of the topological space |R n / W| is trivial, but the fundamental group of the orbifold 



6 



MARCOS M. ALEXANDRINO AND MIGUEL ANGEL JAVALOYES 



R n /W is W, since R™ is simply connected (for proofs see Bridson and Haefiiger [8, 
page 608]). 

Remark 2.19. It is interesting to note that if there existed an infinite torsion finitely 
presented group, then it would be possible to construct an example of a compact 
Riemannian good orbifold Yi/W (that is not a manifold) so that W would not 
necessarily satisfy the condition of Theorem l2.17l Nevertheless, as far as the authors 
know, the existence of such kind of group remains an open problem. 

Closed geodesies in Riemannian orbifolds are related to horizontal periodic geo- 
desies of Riemannian foliations as we now explain. 

Definition 2.20. A partition J 7 of a complete Riemannian manifold M by con- 
nected immersed submanifolds (the leaves) without self intersections is said 

(1) a singular foliation, if the module Xp of smooth vector fields on M that 
are tangent at each point to the corresponding leaf acts transitively on each 
leaf. In other words, for each leaf L and each v E TL with footpoint p, 
there isle X F with X(p) — v; 

(2) a singular Riemannian foliation, if it satisfies (1) and it is transnormal, 
i.e., every geodesic that is perpendicular at one point to a leaf remains 
perpendicular to every leaf that meets. 

Remark 2.21. Let J 7 be a singular Riemannian foliation. A leaf L of T (and each 
point in L) is called regular if the dimension of L is maximal, otherwise L is called 
singular. If all the leaves of J- have the same codimension k, then T turns out to 
be a Riemannian foliation of codimension k. 

Typical examples of (singular) Riemannian foliations are the partition by orbits 
of an isometric action, by leaf closures of a Riemannian foliation (see [15] and [3]), 
examples constructed by suspension of homomorphisms (see [UG3), and examples 
constructed by changes of metric and surgery (see [3]). 

An important property of Riemannian foliations is called equifocality. In order 
to understand this concept, we need some preliminary definitions. 

A Bott or basic connection V of a foliation J- is & connection of the normal 
bundle of the leaves with VxY — [X, Y\ v:F whenever X G Xf and Y is a vector 
field of the normal bundle vT of the foliation. Here the superscript vF denotes 
projection onto vT . 

A normal foliated vector field is a normal field parallel with respect to the Bott 
connection. If we consider a local submersion / which describes the plaques of J- 
in a neighborhood of a point of L, then a normal foliated vector field is a normal 
projectable/basic vector field with respect to /. 

The fundamental property of Riemannian foliations, called equifocality is de- 
scribed in the following proposition. 

Proposition 2.22. If £ is a normal parallel vector field (with respect to the Bott 
connection) along a curve (3 : [0, 1] — > L then the curve t H > exp^^^^) is contained 
in the leaf L exPfj(o) ($. 

This property still holds even for singular Riemannian foliations and implies that 
one can reconstruct the (singular) foliation by taking all parallel submanifolds of a 
(regular) leaf with trivial holonomy (see [6]). 

The equifocality allows us to introduce the concept of parallel transport (with 
respect to the Bott connection) of horizontal segments of geodesic. 
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Definition 2.23. Let (3 : [a,b] i be a piecewise curve and 7 : [0, 1] — » M a 
segment of horizontal geodesic such that 7(0) = /3(a). Let £0 be a vector of the 
normal space vp( a )L such that exp 7 ( -,(£o) = 7(1) and £ : [a, b] — > z/L the parallel 
transport of £0 with respect to the Bott connection along (3. We define Wpd) ■= 7, 
where 7 : [0, 1] — > M is the segment of geodesic given by s —> j(s) — exp^^s £(&)). 

We also set 77(7, 0) := /3, where f3 is the curve contained in £7(1) defined as s -> 
/3(s) = ex P(3(s) (£(s)). 

Due to the equifocality of J 7 , we can give an alternative definition of holonomy 
map of a Riemannian foliation. 

Definition 2.24. Let j3 : [0, 1] — >• L be a piecewise curve and Sp^ := {exp^/^(£)|£ G 
u P(i)L, ||£|| < e} the sZice at /?(«), for i = 0, 1. Then a holonomy map <^rgi : SWo) — > 
£Wi) is defined as ipim(x) :— 11,87(7*), where 7 : [0, r] — > is the minimal seg- 

ment of geodesic that joins /3(0) to x. Since the Bott connection is locally flat, the 
parallel transport depends only on the homotopy class [/3]. 

Using the holonomy map of a Riemannian foliation we can define horizontal 
periodic geodesies as follows. 

Definition 2.25. Let J 7 be a Riemannian foliation. A geodesic 7 is called T 
horizontal "periodic if 

(a) 7 is horizontal, i.e., is orthogonal to the leaves of J 7 , 

(b) there exists < t\ such that 7(ii) 6 -^7(0)) 

(c) there exists a holonomy map <p[^j such that d</?[^]7'(0) = 7'(ii). 

If ti is the smallest positive number that satisfies (b) and (c) then t\ is called the 
period of 7. 

Remark 2.26. By the equifocality of Riemannian foliations we can deduce that for 
each fixed s and each n 6 Z we have: 

(a) 7(nti + s) G L 7(s) ; 

(b) there exists a holonomy map such that d(p\p n W (s) = j'(nti + s). 

As observed in Remark 12.61 the space of leaves of a Riemannian foliation with 
closed embedded leaves is isomorphic to a Riemannian orbifold. Furthermore, for 
each closed geodesic of the Riemannian orbifold MjT there exists a horizontal 
periodic geodesic and vice versa. This implies in particular the next result. 

Proposition 2.27. A Riemannian foliation with closed embedded leaves (Af, J-) 
admits a horizontal periodic geodesic if and only if the orbifold M / J- admits a 
closed geodesic. 

In what follows we prove that if M is simply connected and M/J- is a compact 
orfibold then M/J- admits a closed geodesic, even if J 7 is a singular Riemannian 
foliation (s.r.f. for short). 

Theorem 2.28. Let J- be a singular Riemannian foliation with closed embedded 
leaves on a Riemannian manifold M with finite fundamental group. Assume that 
M/J- is a compact orbifold. Then M/J 7 admits a nontrivial closed geodesic. 

Proof. First we will prove the case where M is simply connected. If J 7 is a (regular) 
Riemannian foliation, according to Salem 1181 Appendix D] , there exists a surjective 
homomorphism between 7Ti (M) and the fundamental group of the holonomy of the 
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foliation, that coincides with the fundamental group of the orbifold M / T . Therefore 
the fundamental group of the orbifold MjT is trivial and hence it cannot be a good 
orbifold (see Bridson and Haefliger [SJ page 608]). The result follows then from item 
(1) of the theorem of Guruprasad and Haefliger [12]. If J 7 is a s.r.f. and MjT is not 
developable, then the result also follows from item (1) of the theorem of Guruprasad 
and Haefliger |12) . 

Now if J 7 is a s.r.f. and MjT is a good orbifold, then according to Lytchak [14] 
MjT is a Coxeter orbifold. It follows from Alekseevsky et al. [TJ Theorem 6.4] that 
any Coxeter orbifold is the Weyl chamber of a Riemannian Coxeter manifold (£, W) 
i.e., W is a discrete subgroup of isometries of a complete Riemannian manifold E, 
which is generated by disecting reflections. The fact that HjW is compact implies 
that W is finitely generated Coxeter group (see [T| Theorem 2.11 and Theorem 
3.5]). It is known that any finitely generated Coxeter group W has a torsion- free 
subgroup of finite index (see Gonciulea [TTJ Proposition 1.4]). Therefore W is finite 
or W has an element of infinite order. In both cases we have seen in Theorem 12. 171 
and Remark 12.161 that MjT = Yi/W admits a closed geodesic. 

Now consider the case where M has finite fundamental group. Let M be the 
universal covering of M . Then the foliation (M, F) induces naturally a foliation 
(M,T). As we have assumed that the fundamental group of M is finite, it follows 
that MjT is compact and the leaves of T are closed and embedded. Thus we can 
apply the first part of the proof to obtain a closed geodesic in MjT that projects 
to a closed geodesic in MjT as desired. □ 



Remark 2.29. Note that in the proof of the above theorem, we show that each 
compact Coxeter orbifold admits a closed geodesic. 

When M is simply connected and the leaves of T are closed embedded there are 
(at least) two special classes of singular Riemannian foliations such that MjT is 
an orbifold. 

The first one is the class of singular Riemannian foliations without horizontal 
conjugate points. This concept was introduced by Lytchak and Thorbergsson |15] 
and generalizes the definition of variationally complete actions. J- is without hori- 
zontal conjugate points if the following is true for all leaves L and all geodesies 7 
meeting L perpendicularly. Any L-Jacobi field J along 7 that is tangent to a leaf of 
T different from L is tangent to all leaves 7 passes through. It follows from Lytchak 
[lU Theorem 1.2, Theorem 1.6] that MjT is a Riemannian Coxeter orbifold, if M 
is simply connected and the leaves of T are closed embedded (see also Lytchak and 
Thorbergsson [TH] Theorem 1.7]). 

The other class is singular Riemannian foliations with sections (s.r.f.s. for short). 
This concept was introduced by the first author [2] . Typical examples of singular 
Riemannian foliations with sections are the partition by orbits of a polar action, 
isoparametric foliations on space forms (some of them with inhomogeneous leaves) 
and partitions by parallel submanifolds of an equifocal submanifold (see Terng and 
Thorbergsson [19] and Thorbergsson [20]). 

A singular Riemannian foliation admits sections if for each regular point p, the 
set £ := exp(^pL) (section) is a complete immersed submanifold that meets each 
leaf orthogonally. 
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It was proved by Alexandrino and Toben [U Theorem 1.6] that M/T is a Coxeter 
orbifold if M is simply connected and the leaves of J- are closed embedded (see also 

m 

The above discussion and Theorem 12.281 imply the next corollary. 

Corollary 2.30. Let T be a singular Riemannian foliation with closed embedded 
leaves on a Riemannian manifold M with finite fundamental group and such that 
MjT is compact. Assume that T admits sections or T has no horizontal conjugate 
points. Then MjT admits a nontrivial closed geodesic. 

Remark 2.31. The above corollary and Myers' theorem imply that if J 7 is a s.r.f. 
that admits sections or J- has no horizontal conjugate points on a complete Rie- 
mannian manifold with Ric > k > (e.g. symmetric spaces of compact type) then 
MjT admits a closed geodesic. Therefore we have the existence of closed geodesies 
in the orbit spaces of polar and variationally complete actions in symmetric spaces 
of compact type, the usual space where these actions are studied. 

Remark 2.32. If T admits sections, then, due to the equifocality of T, the holonomy 
map ip[p] can be extended to include singular points (see [2]) and hence Definition 
12.251 still makes sence for this class of singular foliations. For a fixed section £ we 
can consider the pseudogroup Ws generated by all holonomy map Lp\m such that 
/3(0) and /3(1) belong to S. This pseudogroup is called the Weyl pseudogroup. It 
is possible to prove that MjT = X/We (see [4]). It is easy to see then that the 
existence of closed geodesies in MjT is equivalent to the existence of horizontal 
geodesies in M (as in Definition 12. 25|) . 

We conclude this section suggesting some natural questions. The first one is how 
closed geodesies of MjT can be used to study the transverse geometry of a s.r.f. 
that admits sections or has no horizontal conjugate points. It is also natural to ask 
for conditions under which MjT admits closed geodesies even if MjT is not an 
orbifold. A naive approach to this last question would be to use a recent result (see 
[7]) that assures us that MjT is always a Gromov-Hausdorff limit of a sequence of 
orbifolds if the leaves of T are closed embedded and MjT is compact. 

3. Riemannian foliations and shortening process 

In this section we study the shortening process with respect to Riemannian 
foliations and prove Theorem 13.11 below. Theorem 13.11 assures the existence of 
horizontal periodic geodesies, assuming only topological conditions about the space 
M and the foliation ? ' . 

Theorem 3.1. Let T be a Riemannian foliation with compact leaves on a compact 
Riemannian manifold M . Assume that either one of the two conditions below is 
satisfied: 

(a) there exists a loop a in M that is not free homotopic to any loop contained 
in any leaf. 

(b) Tti(M) admits a sequence of distinct elements in different classes of free 
homotopy and the fundamental group of each leaf has finite cardinality. 

Then there exists an J- -horizontal periodic geodesic. Ln particular, if there exists a 
loop a in M that satisfies the condition of item (a), then a subsequence of iterations 
of double shortening of a converges to a nontrivial horizontal periodic geodesic. 
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Remark 3.2. We observe that item (a) of the last theorem is satisfied for example 
when there is an element of the fundamental group of M with infinite order and 
the fundamental group of each leaf is finite. 

Corollary 3.3. Let E/W be a Riemannian compact orbifold. Assume that the 
fundamental group of the topological space |E/W| is nontrivial. Then there exists 
a closed geodesic in the orbifold E/W\ 

Proof. It follows from Remark 12.71 that there exists a Riemannian foliation T with 
compact leaves on a compact manifold M such that MjT — E/W. 

Let a be a nontrivial element of the fundamental group of the topological space 

_^ ^ ^ 

Claim : There exists a horizontal curve a whose projection in M / J- is homotopic 
to a 

In order to prove the claim note that for each point x € MjT there exists a 
neighborhood V x such that for each point of y £ V x there exists only one segment 
that joins y to x. In fact this neighborhood is the image of a tubular neighborhood 
of a leaf in M (see the definition of po of Subsection 13. 1| . 

Consider the curve a : [0, 1] — > MjT . Then for each t we can find a neighbor- 
hood Vt and an interval a t < t < bt such that a[at,b t ] C Vt and for s £ [atb t ] 
there exists only one segment that joins a(t) to a(s). Let [a(t),a(s)] denotes this 
segment and * the concatenation of curves (see Remark I3.5[) . Note that the curve 
a|r t) 6 t i is homotopic (by a homotopy that fixes endpoints) to [a(t),a(bt)] by the fam- 
ily of curves {a|r Si b t ] * [&(t), a(s)]}. Similarly a|[ 0tl t] is homotopic to [a(at),a(t)]. 
Therefore a[at,b t ] is homotopic to a\[t,b t \ * ["(a*), a (t)] (by a homotopy that fixes 
endpoints). This fact and the fact that [0, 1] is compact imply that a is homotopic 
to a curve that is union of segments. Finally note that each segment can be lifted 
to a horizontal segment of geodesic in M and by translation with respect to Bott 
connection we can construct the desired horizontal curve a. This concludes the 
proof of the claim. 

Now consider a curve (3 in the leaf that joins a(l) with 5(0). Note that 

the concatenation j3 -k a is not free homotopic to any loop contained in any leaf. 
Otherwise we could project the homotopy between f3 ★ a and a loop contained in a 
leaf and get a homotopy between a and a point of E/VF. This contradicts the fact 
that a is a nontrivial element of the fundamental group of the topological space 
\Y,/W\. 

Finally it follows from item (a) of Theorem 13.11 that there exists a nontrivial 
horizontal periodic geodesic of T and hence a nontrivial closed geodesic of the 
orbifold E/PF = M/F. 

□ 

Let J 7 be a s.r.f. with closed embedded leaves on a complete manifold. Assume 
that T admits sections or T has no horizontal conjugate points. Then Lytchak 
and Thorbergsson [16] proved that MjT is an orbifold (not necessarly a good one). 
Therefore the above corollary implies the next one. 

Corollary 3.4. Let T be a s.r.f with closed embedded leaves on a complete Rie- 
mannian manifold M and such that M / J- is compact. Assume that J- admits 
sections or T has no horizontal conjugate points. Also assume that the fundamen- 
tal group of the topological space MjT is nontrivial. Then there exists a closed 
geodesic in the orbifold MjT . 



ON CLOSED GEODESICS IN M/JF 



11 



3.1. Shortening process. In this subsection we construct the shortening process 
with respect to a Riemannian foliation. We skip the proofs of lemmas since they 
follow from standard arguments from the theory of foliations. 

Remark 3.5 (Conventions). We will use two different concatenations of curves. We 
will denote by * the curve obtained as the union of two curves a\ : [a, b] — > M 
and «2 : [b, c] — > M, that is, the curve ot\ * ct2 : [a, c] —> M that coincides with 
a\ in [a, b] and with ai in [b, c]. On the other hand, we will denote by * the 
concatenation of two curves ot\,a2 ■ [a,b] — > M, that is, the curve in [a, b] such 
that «2 * Oii(s) = a\(2s — a) in [a, a + (6 — a)/2] and 0,2 * cti(s) = oe2(2s — b) 
in [a + (b — a)/2,b]. Moreover, given a curve a : [a, 6] — > M we will denote by 
a -1 : [a, 6] — 5- M the curve defined as a _1 (s) = a(6 + a — s). 

We also need the notation below, which turns out to be very convenient to 
describe the curve shortening procedure. 

Definition 3.6. Let J 7 be a Riemannian foliation on (M, g) and a and j3 be two 
piecewise smooth curves a : [a, b] —> M and (3 : [a, b] —> M such that the endpoints 
of a belong to the same leaf L a / a \ and the image of (3 is contained in L a ( a ) with 
/3(a) = a(a) and /3(b) = a(b). Then we say that a pair (a, <f[p]) is an J--closed 
pair, where (ftm is the holonomy map in T associated to j3. In addition a pair 
{a, ip[p]) is called T-well closed pair if in addition a is regular in a(a) and a(b) 
and if dip^df a a' (a) = dfba'(b), where /, : Tub(P ct ( i )) — > S a ^ is a submersion that 
describes the plaques in the neighborhood of a(i) for i = a,b. 

Note that a horizontal periodic geodesic 7 is a well closed pair (7, 
From now on, we assume that J 7 is a Riemannian foliation with compact leaves 
on a compact Riemannian manifold M. 

We will see in the following that it is possible to assign a horizontal piecewise 
J-"-periodic geodesic to a given ^-closed pair (a, (see Definition 13. 6|) . This 
process involves several difficulties up to its definition. First we note that there 
exists a radius po > satisfying the following: 

(i) it is smaller than the injectivity radius of every point, 
(ii) the balls B(x,po) are always contained in a trivial neighborhood, 
(Hi) there exists a unique minimizing horizontal geodesic between every point 
x and every plaque for the trivial neighborhood of (ii) at a distance lower 
than pq. 

3.1.1. P -process. We are now ready to define the shortening process. Fix a real 
number K > and consider an J-"-closed pair (a, (p\m) as in Definition [375] such that 
E(a) < K. Given a partition 

a = Iq < li < . . . < Ik = b 

2 

such that k — < ^ for i = 1, . . . , k, Holder's inequality implies that 

• d(a(k-i),a(li)) < pa, 

• is contained in a trivial neighborhood of T , 

• there exists a unique minimizing horizontal geodesic 7* : [k-i,li] — > M 
joining and the plaque in the trivial neighborhood containing a(k) 
and that satisfies E(%) < E(a\\i i _ lj i i ]). 

Therefore, we can construct a piecewise "disconnected" horizontal geodesic from 
the curve a. Now we will use the trivial holonomy in every trivial neighborhood 
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to obtain a connected piecewise horizontal geodesic, so as a holonomy between the 
endpoints. 

For 1 < i < k, let % t i be the minimizing segment of geodesic orthogonal to 
the plaque P a (i t ) such that %i(li-x) = a(k-i) and £ P a (h)- Let ft^ be 

a curve from [Zj_i,Z»] into Pq^) such that ^(l^i) = %i(k) and Pi,i(k) = a(k). 
Assume that j3 n -i,j and 7nj+i are defined, then 7 nj - := || r-i (7nj+i) and /3 n ..,- := 

vilnj, Pn-i,j)- Apply this process inductively for n = 2, . . . , k and j = n— 1, . . . , 1. 
Finally define /3 := * •• • * $k,k, the piecewise horizontal geodesic 7 = 7^1 * 
72,1 • ■ ^Tfe,!) and the holonomy of the endpoints by the curve (3 = /3 _1 */3. Summing 

up, given the -F-closed pair (a, (ftp]) and a family of nodes a = Iq < l\ < . . . < 

2 

Ik = b such that li — < Q for i — 1, . . . , k, we have obtained an .F-closed pair 
P(a, f[/3]) — (7, Vr^i) su ch that 7 is a piecewise horizontal geodesic with £'(7) < K 
and {3 is a curve in £^.( a ) that joins the endpoints of 7. 

3.1.2. The double shortening map. As usual we will alternate two families of nodes 
in the shortening process to obtain a smooth curve in the limit. Choose two parti- 
tions {ti} and {r,} with i = 1, . . . , k such that 

TO = Tk - 1< to = < n < ti < T 2 < t 2 < . . . < Tfc < tk = 1 

2 

and ti — U-i, Ti — Ti-i < ^ for i — 1, . . . , fc. Given an F-closed pair (a, V'rai) as in 
the preceding subsection with a defined in [0, 1], we can apply the P-process with 
the partition = to < . . . < tk = 1, obtaining a horizontal piecewise geodesic 7 
and a curve /3 in the leaf joining the endpoints of 7. Now we can extend 7 by 
parallel transport to [to,0] as follows: 

(3-1) 7(i):=IM7l[r fe ,i])(*+l)- 

Moreover, we can bring the holonomy </3,& along 7|[ r0i o] using the endpoint map r\ 
(see Definition ^. 23p obtaining a holonomy (fr™ in the leaf of 7(10) with /3(0) = 7(10) 
and /3(1) = j(rk). We can apply again the P-process to the curve 7 : [r , Tk] — > M 
and the holonomy ysrgi obtaining P(7, (p^j) = (70, y^j). Finally we extend the 
curve 70 to [r^, 1] as 

(3-2) 70W := IU- (7oi[r ,o])(i-l), 

and we consider in the leaf of 70 (0) the holonomy given by the endpoint map rj of /3o 
along 7o|[r ,o] obtaining an F-closed pair (70, f]B ])- Therefore, we have obtained a 
double shortening map, that is, Po(a, <A/3l) = (70, ¥>[/3 ]). 

3.1.3. Main propositions. 

Proposition 3.7. Let (a, <f[p]) be an J- -closed pair (with a : [0, 1] — > M) such that 
E{a) < K and Po(a, <P[p\) — (70, <P[p ])- Then P(7o|[o,i]) < E(a) with equality if 
and only if a is a horizontal periodic geodesic. 

Proof. We have already observed in Subsection 13 . 1 . ll that a shortening P(a, ^[,3]) = 
(7, y>rjj) satisfies E(f)) < E(a). As the geodesic segments of 7 are the unique 
minimizing geodesies joining the initial point with the plaque of the endpoint, the 
equality holds if and only if a is a piecewise geodesic with nodes to, ■ ■ ■ , t n -i, and 
in this case 7 = a. In the Po-process we apply twice the P-process. As we change 
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the nodes and £'(7|[ ro iTk y) = -E'C'Tl [0,1] )j the energy of 70 remains the same if and 
only if a is a geodesic such that the extension to [ro,0] by the parallel transport 
along /3 gives a geodesic 70 in [to, 1]. □ 

In the following, we will say that a curve a : [a, b] — > M is ^-closed if the 
endpoints are in the same leaf of T . We say that two ^-closed curves are T- 
homotopic if there exists a homotopy between them by ^-closed curves. 

The fact that the restriction of the considered curves to the partitions {U} and 
{rj} are contained in trivial neighborhoods of T and the equifocality of T imply 
the next lemma. 

Lemma 3.8. Let (a, tp\m) be an J- -closed pair such that E{a) < K and P(a, ip\m) = 
(7i Vm])- Then 7 is T-homotopic to a. 

Proposition 3.9. Let (a, <f[p]) be an J- -closed pair (with a : [0, 1] — > M) such that 
E(a) < K and Po(a, f\g\) — (jOufWo])- Then 70 is T-homotopic to a. 

Proof. By applying Lemma 13.81 we obtain that a is .F-homotopic to the first short- 
ening 7. As we extend 7 with the holonomy ^rgij we have that 7(f) and ^(t + 1) 
are in the same leaf for t G [tq , 0] . It also follows from Lemma 13.81 that there exists 
a map H (that we call J- homotopy) defined in [to, Tfe] x [0, 1] such that 

(1) H(Tk,s) G L H{TQtS) for each s E [0,1], 

(2) H(-,0) = % T0 ,r k ] and H{; 1) = 7o|[t ,t j J- 

By transporting horizontal segments of geodesies, the ^-homotopy H can be chosen 
to admit an extension to [to, 1] x [0,1] and so that H(l,s) G Lfj(a.s) for each s. 
Therefore 7o|[o,i] is -F-homotopic to 7|[o,i] and hence .F-homotopic to a. □ 

We will denote by IT and n 2 respectively the first and the second projections 
of an F-closed pair. Given a closed curve, if nothing is said, we will assume that it 
is an J-"-closed pair considering the trivial holonomy. 

Proposition 3.10. Let a : [0,1] — > M be a closed curve with E(a) < K. Then 
a subsequence of H\ o P^a converges uniformly to a (possibly trivial) horizontal 
periodic geodesic. 

Proof. Each curve IT o P^a is a horizontal periodic piecewise geodesic with nodes 
LTi o Pq^o^ti), . . . , ni o P^a(rk). Note that each such curve may be identified with 
a fc-tuple (III ° -P(M T i), ■ • • ,ni o F "a(T fc )) G M k := M x . . . x M. Since M k is 
compact, a subsequence of these nodes converges to some (pi, ■ ■ ■ ,Pk) G M h and 
by the continuity of the exponential map, a subsequence 7 m of ni o P^a converges 
uniformly towards the horizontal piecewise geodesic 70 with nodes 70 (t^) = pi and 
such that 

(7m+l,V[/Wl]) = P {m) hrn,<P{p m ]) 

with n(m) > 1. 

We will see that the holonomies <A/3 m i admit a "constant" subsequence in a 
certain sense. 

According to Molino [TH Lemma 3.7] we can choose a radius e < 1 so that: 

• The tubular neighborhood Tub e (L 7o (o)) is saturated by leaves; 

• for all x 6 L 7o (o) the slice S x (of radius e), defined as 

S x := {exp x ({;)\Z evP x ,U\\<e}, 
is transversal to the foliation; 
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• if L is a leaf in Tub e (L 7o ( )) then the points of L are all at the same distance 
from L; 

• for each x e £ 70 (o) there exists a plaque P x such that 7T (P x ) is a simple 
open set, where ir : Tub e (L 70 ( )) — > £ 70 (o) is the radial projection. 

Choose Nq such that if m > No then £ 7m (o) C Tube (i 7o ( ))- Let /3 m be a 
representative for the holonomy class II2 oP™a £ -^ 7m (o) an d define /3 m := n((3 m ) € 
L 70 ( ), where 7r : Tub^(i 70 ( )) — * ^70(0) i s the radial projection. 

Our choice of e, the fact that the holonomy group of each leaf is finite and 
properties of the holonomy maps imply the next lemma. 

Lemma 3.11. In the above situation: 

(a) there exists a holonomy <P\b ] in L 7o (o) such that (7o,¥>[/3 ]) * 5 a we ll closed 
pair, 

(b) there exists a subsequence f3 mi such that <+P[i3 } = (pis 1 : ^oCo) — ^ ^70(1)- 

For the sake of simplicity we will still denote the subsequence rrn by m. It is 
easy to see that 

dist (7 TO (Tj_ 1 ) , 7 m (rj ) ) 2 



2(r, - Ti_i} 



(3-3) S( 7m ) = ^ 

i=i 

and then lim m _ > . 00 £ , (7 m ) = £^(70). Therefore 

£(70) = lim E( 7m+1 )= lim fi^ oP " (m) ( 7m ,^ ra| )) 

rn— J-oo m— >-oo 

< lim £(Tli oPo(7m)TO m ])) < lim £(7™) = #(7o), 
where we have used Proposition 13.71 We conclude from the above equality that 
(3-4) J/Toc^ 111 ° P o(7m.¥>[/3 m ])) = ^(7o). 

The fact that minimal segments of geodesies depend smoothly on their endpoints, 
V[/3 ] = Vrg ] an d that the energy is not changed by parallel transport of horizontal 
segments imply the next lemma. 

Lemma 3.12. P(lli o P (7 m , V?[/3 m ])) converges to E(Ui o P (7o, <P[ft,])) • 1=1 
Lemma T3.12I and (13.41) imply 

£(IIi oF (7o,^ [/3o] )) = Jim^IIi oP (7 m ,^ [(3m] )) = £(70), 

and from Proposition 13.71 we conclude that 70 is a horizontal periodic geodesic. 

□ 

Remark 3.13. Shortening process and the above results can be straightforwardly 
generalized to Riemannian foliations with closed embedded leaves on a complete 
Riemannian manifold. In this case Proposition 13.101 should be reformulate as fol- 
lows: Let a : [0, 1] — > M be a closed curve with E(a) < K . Then there exist a 
subsequence {7m} of Hi oP "a and a sequence {k m } of holonomies of L^im such 
that {fcm7m} converges uniformly to a (possibly trivial) horizontal periodic geodesic. 
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3.2. Proof of the Theorem I37T1 

(a) let a be a loop of M that is not free nomotopic to any loop contained in 
any leaf of J- . According to Proposition 13.101 there exists a subsequence {7„} of 
ITiP™(a) that converges to a (possibly trivial) horizontal geodesic 7 . Assume by 
contradiction that 7 = y, i.e., that 7 is trivial. 

Consider n big enough such that j3 n and 7 n are in the same tubular neighborhood 
Tub(Lj,). By the radial projection in the axis L y we can construct a curve 5 C L y 
such that (5 is free homotopic to /3„ * j n . Since (3 n * 7„ is free homotopic to a (see 
Proposition 13. 9|) . we conclude that a is free homotopic to 5. This contradicts the 
hypothesis of item (a). Therefore 7 is a nontrivial horizontal periodic geodesic. 

(b) Consider a sequence of loops [a n ] € n 1 (M, xq) such that Ui is not free ho- 
motopic to ctj. It follows from Proposition 13.101 that, for each i there exists a 
subsequence {7^} of HiP™(ai) that converges to a (possibly trivial) horizontal 
geodesic r f. Assume by contradiction that Y is a point yi for each i e N . 

For a fixed i consider n big enough such that /3 n and 7^ are in the same tubular 
neighborhood Tub(L 1)i ). By the radial projection in the axis L Vi we can construct 
a curve <5,; C L yi such that Si is free homotopic to (3 n * 7* . Since (3 n * l l n is f ree 
homotopic to a, we conclude that a% is free homotopic to Si. Since the sequence 
{yi} is contained in the compact space M, there exists y £ M and a subsequence 
(that we also denote by {yi}) such that yi — » y. Therefore, for i big enough, we 
have that Si C £ ai C Tub(L y ). By the radial projection in the axis L y we can 
construct a curve 5i C L y such that <5i is free homotopic to Si and Si(0) = y. Since 
ai is free homotopic to Si and <5^ is free homotopic to Si we conclude that a; is free 
homotopic to Si. On the other hand the cardinality of ni(L,y) is finite, and we 
conclude (for a subsequence) that Si is homotopic to Sj . Hence ai is free homotopic 
to aj and this contradicts the hypothesis of item (b). Therefore, there exists some 
io so that 7 10 is a nontrivial horizontal periodic geodesic. 

4. Appendix 

In this appendix we present the shortening process in the special case of Rie- 
mannian good orbifolds and give another proof of Theorem 12.171 

4.1. Shortening process. In this subsection we construct the shortening process 
in the good orbifold. From now on, we assume that S is a connected complete 
Riemannian manifold and W is an infinite discrete subgroup of isometrics of £ 
such that Y,/W is compact. We also assume that the action of W on E is proper. 

Since E/W is compact, there exists a radius po > such that for each x 6 E 
and q £ B po (x), the shortest segment of geodesic from x to q is unique. 

We still use the conventions of Remark 13.51 

4.1.1. P -process. Fix a real number K > and consider a curve a : [a, b] — > E and 
an element w° € W so that a(6) = w°a(a) and i?(a) < if. Given a partition 

a = < h < ■ ■ ■ < h = b 

2 

such that li — < ^ for i = 1, . . . , k, Holder's inequality implies that 

• d(a(li-i),a(k)) < po, 

• there exists a unique minimizing geodesic % : — > E joining a(Z;_i) 
and a(?i) and that satisfies E{"fi) < E{a\[i i _ 1; i i \). 
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Therefore, we can construct a piecewise geodesic from the curve a as P{a) — 
71 * • • • * 7fc. Note that P(a)(b) = w°P(a)(a). 

4.1.2. The double shortening map. As usual we will alternate two families of nodes 
in the shortening process to obtain a smooth curve in the limit. Choose two parti- 
tions {ti} and {tj} with i — 1, . . . , k such that 

T = Tfc - 1< t = < n < t 1 < T 2 < t 2 < ■ ■ . < Tfc < t k = 1 

2 

and U —ti-x,Ti — Ti-x < for i = 1, . . . , k. Given a pair (a, w°) as in the preceding 
subsubsection with a defined in [0, 1], we can apply the P-process with the partition 
= t < . . . < t k = 1, obtaining a piecewise geodesic 7 with 7(1) = w O/ j(0). 
Now we can extend 7 to [r , 0] as follows: 

(4-1) W)~(w°r 1 (rf\[-n.,i])(t + l)- 

We can apply again the P-process to the curve 7 : [r , Tfc.] — » £ obtaining a curve 
70 : [tq, Tfc] —> E such that 70 (n) = w°7o(to). Finally we extend the curve 70 to 
[Tfc, 1] as 

(4-2) 7o (i) :=w ( 7o \ [rofl] )(t-l). 

Therefore, we have obtained a double shortening map, that is, Po(a) — 70, where 
70 : [r , 1] £ and 70 (* + 1) = w°7o(i) for t G [t , 0]. 

We can simplify the arguments of the last section and prove the next two propo- 
sitions. 

Proposition 4.1. Let a : [0, 1] — > E &e a curve in S suc/i i/iaf a(l) = w°a(0) and 
P(a) < K . Set 70 := Po(a). Then £'(70 1 [0,1]) ^ -S'Cq 1 ) wii/i equality if and only if a 
is a closed geodesic o/E/W. 

Proposition 4.2. Let a : [0, 1] — > E be a curve with a(l) = w°a(0) and E(a) < K . 
Then there exist a subsequence {7™} of~f„ — P^a and a sequence {k m } in W such 
that {km'jm} converges to a closed geodesic (70,11/). In other words, a subsequence 
of classes of {P^a} converges uniformly to a (possibly trivial) closed geodesic of 
E/W. 

4.2. Proof of Theorem 12.171 Using shortening process and standard properties 
of proper actions we provide another proof of Theorem 12 . 1 71 that we reformulate as 
follows. 

Theorem 4.3. Let E be a connected complete Riemannian manifold and W be 
an infinite discrete subgroup of isometrics of E whose action on E is proper and 
such that the good orbifold T,/W is compact. Assume that there exists an element 
w a G W that does not fix points (e.g. w° has infinite order). Then for each curve a 
joining a point p to w°p, a subsequence of classes of iterations of double shortening 
of a converges to a nontrivial closed geodesic in Yi/W. 

Proof. Let a : [0, 1] — > E be a curve so that a(0) = p and a(l) = w°p. Set 
x m := P m a(0) and recall that P m a(l) = w°x m . Proposition [472] implies that there 
exists a sequence {fc„} C W and a subsequence {-f n } of P m a such that k n j n 
converges uniformly to a (possibly trivial) closed geodesic 7 of E/W. Set x :— 7(0) 
and y := 7(1) and note that 

(4.3) k n x n -> x] k n w°x n -> y. 
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Suppose that the closed geodesic 7 is trivial, i.e., x = y. Now set g n := 
fcn(w°) -1 (M _1 G W. Eq. |0]) implies 

(4.4) gn(KiW°x n ) x; (fc„w°x„) x. 

Since the action of W on E is proper, Eq. (14.41) implies that there exists a subse- 
quence {<7n}, such that g n —> g <E W x . Since is discrete, there exists n G N such 
that <7„ = g G VFx and hence 

(4-5) w° = (fc„)- 1 ( 5 )' 1 (fc„) g W (fcn) -i B . 

The above equation contradicts the assumption that w does not fix points. There- 
fore 7 is a nontrivial closed geodesic. 

□ 
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